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                            Abstract 
DOA estimation addresses the problem of locating sources 
which are radiating energy that is received by an array of 
sensors with known spatial positions. The problem of 
direction finding or direction-of-arrival (DOA) estimation 
has become important in many other fields besides radar, 
for example, acoustic signals received by an array of 
hydrophones are used in underwater applications to detect 
and locate submarines and surface vessels. In this research 
paper W-CMSR is so far the best technique for direction of 
arrival estimation. And also in this research we can 
conclude that L1-SVD has the poorest response amongst all 
the techniques, as it has more number of peaks due to other 
disturbances and those peaks are comparable to the 
required peaks. When we compare Capon and CSSM 
performances its has  poorer performances than that of the 
W-CMSR. Thus we can say that W-CMSR technique 
several advantages out of which most important ones are 
that no prior information of number of incident signal is not 
required and also here the wideband signal is treated 
holistically that is no decomposition into narrow bands is 
required and also half wavelength spacing restriction in 
avoiding ambiguity is been relaxed from the highest to the 
lowest signal frequency. 
Keywords: Direction of Arrival Estimation, DFT, W-
CMSR, SVD. 

I. Introduction 
In signal processing literature, direction of arrival 
denotes the direction from which usually a 
propagating wave arrives at a point, where usually a 
set of sensors are located. This set of sensors forms 
what is called a sensor array. Direction of arrival 
estimation is an active research area in radar, sonar 
navigation ,geophysics and acoustic tracking. General 
DOA estimation  addresses the problem of locating 
sources which are radiating energy that is received by 
an array of sensors with known spatial positions. 
Wideband signals are widely used in various radar 
and sonar systems, and many methods have been 
proposed to estimate their directions-of-arrival 
(DOA). Most of those methods decompose the 

incident wideband signals into narrowband 
components, and then realize wideband DOA 
estimation with incoherent or coherent techniques. 
However, there are two significant disadvantages 
within these kind of methods [1]. First, DOA pre-
estimates of the incident signals are required for 
spectral focusing, and the precision of those pre-
estimates largely influences the performance of DOA 
estimation. Second, they need the a priori 
information of the incident signal number which may 
not be available, especially in the non cooperative 
scenarios. Therefore, substitutive methods are 
required to explore better solutions for the problem of 
wideband DOA estimation. Recently there has been a 
great interest in estimating the DOAs for wideband 
sources, whose energy is spread over a broad 
bandwidth. For estimating the direction of arrival of 
wideband sources many of the narrowband DOA 
estimation algorithms can be directly applied, an 
intuitive way of generalizing a narrowband 
algorithms to wideband algorithm is to use the 
discrete fourier transform (DFT) to decompose the 
signal into narrowband signals of different 
frequencies and apply narrowband algorithms to each 
component, and fuse the overall estimation results. 
But the better estimation accuracy is usually obtained 
when applying wideband algorithms to wideband 
sources. 
 
The technique of sparse representation provides a 
new perspective for DOA estimation. And the 
Methods of this category recover the spatial 
distribution of the incident signals by directly 
representing the array output on an over-complete 
dictionary under sparsity constraint, and the prior 
information of signal number is no longer a necessity. 
Sparse representations are the representations that 
account for most or all information of a signal with a 
linear combination of a small number of elementary 
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signals called atoms. [1] Often, the atoms are chosen 
from a so called over-complete dictionary. A new 
direction-of-arrival (DOA) estimation method is 
proposed based on  sparse representation of array  
covariance vectors  in which DOA estimation is 
achieved by jointly finding the sparsest coefficients 
of the array covariance vectors in an over complete 
basis. It means that given a signal ,firstly they form 
the dictionary which contains the atoms that represent 
the signal than they find the smallest set of atoms 
from the dictionary to represent the signal. The 
proposed method not only has high resolution and the 
capability of estimating coherent signals based on an 
arbitrary array, but also gives an explicit error-
suppression criterion that makes it statistically robust 
even in low signal-to-noise-ratio (SNR) cases. 

II. Covariance Matrix 

It is a matrix whose elements in (i , j)th position is the 
covariance between ith  and jth  element of random 
vector (array output of sensors). Intuitively, the 
covariance matrix generalizes the notion variance to 
multiple dimensions [2]. 

If Random vector  ‘�’ =
��
��
�X�X�....X
��

��

 than the covariance is given 

by: 

������, ��� = �����	– 	������	– 	����																									�1�	
And the covariance matrix can be formed as: 

� = ����� − ������ − ���� ����� − ������ − ���� ⋯ ����� − �����# − �#������� − ������ − ���� ����� − ������ − ���� ⋯ ����� − �����# − �#��⋮ ⋮ ⋱ ⋮����# − �#���� − ���� ����# − �#���� − ���� ⋯ ����# − �#���# − �#��& �2� 

a. Direction of Arrival Estimation Via 
Covariance Matrix Sparse 
Representation 

In W-CMSR, the lower left triangular elements of the 
covariance matrix are aligned to form a new 
measurement vector, and DOA estimation is then 
realized by representing this vector on an over-
complete dictionary under the constraint of sparsity. 
The a priori information of the incident signal 
number is not needed in W-CMSR, and no spectral 
decomposition or focusing is introduced. Also in W-
CMSR the half-wavelength spacing restriction in 
avoiding ambiguity can be relaxed from the highest 
to the lowest frequency of the incident wideband 

signals. Some of the advantages of W-CMSR 
techniques are: 
 
1) W-CMSR relies less on the a priori information of 
the incident signal number than the ordinary 
subspace-based methods 

2) No spectral decomposition or focusing is 
introduced, thus W-CMSR is immune to imperfect 
DOA pre-estimates, and will not run into the 
tremendous efforts of focusing matrix selection or 
non identical narrowband DOA estimate fusion. 

3)  The a priori information of signal spectrum can 
be exploited in W-CMSR to improve the 
performance of DOA estimation. 

4) Well-designed array geometries help W-CMSR to 
obtain enhanced ability in separating even more 
simultaneous signals than sensors. 

5) The half-wavelength spacing restriction in 
avoiding ambiguity is relaxed from the highest to the 
lowest signal frequency, just like what JLZA-DOA 
has achieved. 

In general the separation between the sensors is kept 
sparse that is half wavelength of highest frequency, 
so that the sensor noise is spatially uncorrelated, but 
in the case of W-CMSR this limitation is been 
relaxed from half wavelength of highest frequency to 
lowest frequency. Most of the previous methods 
decompose the incident wideband signals into 
narrowband components, and then realize wideband 
DOA estimation with incoherent or coherent 
techniques However; there are two significant 
disadvantages within this kind of methods. First, 
DOA pre-estimates of the incident signals are 
required for spectral focusing, and the precision of 
those pre-estimates largely influences the 
performance of DOA estimation Second, they need 
the a priori information of the incident signal number 
which may not be available, especially in the non 
cooperative scenarios [3]. 

III. Various Directions Of Arrival 
Techniques 

 
Other techniques implemented to find out the 
direction of arrival estimation in this thesis are:- 
 
1) Coherent Signal Sub Space Method (CSSM) 
2) Capon Technique 
3) L1-SVD Technique 
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4) Joint L0 Approximation Method (JLZA) 
 
a. Coherent Signal Sub Space Method 

(CSSM) 
The technique relies on an approximately coherent 
Combination of the spatial signal spaces of the 
temporally narrow-band decomposition of the 
received signal vector from an array of sensors. 
Coherent signals are those signals which are scaled or 
delayed versions of each other. Coherent signals are 
those signals which are scaled or delayed versions of 
each other. In Coherent signal subspace method for 
direction of arrival estimation the wide band signal is 
divided into non overlapping narrow bands.[4] Each 
individual narrowband section is processed 
individually and all the results from each section are 
averaged to obtain the DoA estimation  of the 
wideband signals. In CSSM the signal sub-spaces at 
different frequencies are combined in a manner to 
generate a single signal subspace with algebraic 
property indicative of number of sources and angle of 
arrival. The basic idea is similar to that of principal 
factor analysis in statistics. It makes use of the 
algebraic property of the spatial covariance matrix 
that the eigenvectors corresponding to the d largest 
eigen values span the same subspace (the signal 
subspace) as the d source direction vectors. Under the 
condition that the observation period is long and 
signal-to-noise ratio is not too low, this approach has 
previously been shown to have substantially higher 
resolution in estimating the directions of arrival of 
the signals. The concept of the signal-subspace 
processing can also be used in the wide-band case.  

b. Capon Technique 

Capon technique is a type of beamforming technique 
where the idea used is to steer the array in one 
direction at a time and measure the output power. 
The steering location which results in maximum 
power yield direction of arrival estimates. It 
maintains the array gain in the ‘look direction’, so 
that the DOA can be estimated correctly using a 
directional antenna array. The array response is 
steered by forming a linear combination of sensor 
outputs. Capon algorithm, which has lower 
computational complexity than subspace-based 
methods, is used as the basis to derive the proposed 
algorithm. The proposed algorithm is similar to the 
Capon algorithm in one aspect, which is to minimize 
power from all direction subject to specific gain in 
the ‘look direction’ [5] 

• Conventional Beamformer: Suppose there 
are ‘K’ number of signals impinging on the 
‘M’ number of sensors. The array output 
vector x[n] called a snapshot may be 
modeled as:- 

(�)� =*�+�,�)� +��)�																																																																																																																	�3�               
Where, 

,�)�= �,��)�, ,��)�, ………… . . , ,0�)��1																																																																														*�+�= �2�+��, 2�+��, ……… . , 2�+0��																																																																																						
A(+) is a M×K matrix of steering vector. 

The power of y[n] is given as:- 

�45�)�5∗�)�7 = 89 �	8= :;�892�+��29�+��8+ :<�898																																								�4� 
Where, 

� =�4(�)�(9�)�7																																																																																																												
:;� = �4,��)�,�∗�)�7																																	 
:<� =noise variance 

Maximizing the output power by using cauchy 
schwarz inequality they get the optimal weighting 
factor as: 

8 = 8>? = 2�+��@29�+��2�+��																																								�5� 
c. L1-SVD Technique 

It is a source localization method based on a sparse 
representation of sensor measurements with an 
overcomplete basis composed of samples from the 
array manifold. Here sparsity is enforced by 
imposing penalties based on the L1-norm. Singular 
value decomposition (SVD) of the data matrix is used 
to summarize multiple time or frequency samples. 
The method attempts to represent the vector of 
beamformer outputs to unknown sources as a sparse 
linear combination of vectors from a basis of 
beamformer outputs to isolated unit power sources. 
The method uses the L1 penalty for sparsity and the 
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L2 penalty for noise. In its most basic form, the 
problem of sparse signal representation in 
overcomplete bases asks to find the sparsest signal X 
to satsfy Y=AX where A∈ �C×D in an overcomplete 
basis, i.e M<N. SVD(Singular value reduction) it is 
used for data reduction. L1 norm is been used for the 
purpose of sparsity. L1-SVD reduces the dimension 
of observation via singular decomposition.  

L1-SVD has the limitation that the number of sensors 
should be greater than  equal to number of 
sources.[6] If fewer number of sensors are taken than 
number of resolvable sources may be decreased. L1-
SVD algorithm based on noise subspace is presented 
for direction of arrival (DOA) estimation using 
reweighted L1 norm constraint minimization. In the 
proposed method, the weighted vector is obtained by 
utilizing the orthogonality between noise subspace 
and signal subspace spanned by the array manifold 
matrix. The presented algorithm banishes the nonzero 
entries whose indices are inside of the row support of 
the jointly sparse signals by smaller weights and the 
other entries whose indices are more likely to be 
outside of the row support of the jointly sparse 
signals by larger weights. Therefore, the sparsity at 
the real signal locations can be enhanced by using the 
presented method.  

The proposed approach offers a good deal of merits 
over other DOA techniques. It not only increases 
robustness to noise, but also enhances resolution in 
DOA estimation. Furthermore, it is not very sensitive 
to the incorrect determination of the number of 
signals and can primarily suppress spurious peak in 
DOA estimation. The L1-SVD method is of 
particular relevance to this work, as it converts DOA 
estimation problem into a sparse signal 
reconstruction one and exploits compressive sensing 
(CS) approach. However, L1-norm constraint 
minimization has a drawback that larger coefficients 
of signal are punished more heavily than smaller 
coefficients, unlike the more impartial punishment of 
the L0-norm constraint minimization . This incurs the 
degradation of signal recovery performance based on 
regular L1-norm constraint minimization . 

d. Joint L0 Approximation(JLZA-DOA) 

A set of vectors is called jointly sparse when its 
elements share a common sparsity pattern. Direction-
of-arrival (DOA) estimation can be cast as the 
problem of recovering a joint-sparse representation. It 
can resolve closely spaced and highly correlated 
sources using a small number of noisy snapshots. 

Furthermore, the number of sources need not be 
known a priori. The -SVD algorithm can handle 
closely spaced correlated sources if the number of 
sources is known. However, this method suffers from 
some performance degradation when the number of 
sources is unknown. The key feature of JLZA-DOA 
algorithm is that it represents the snapshots as some 
jointly sparse linear combinations of the columns of a 
manifold matrix. The SL0 (smoothed L0) algorithms 
approximate the L0-norm using a class of Gaussian 
functions. JLZA can be extended in two ways. First,  
extend it to handle noisy complex-valued 
measurements arising in the context of DOA 
estimation problem. Subsequently, they extend JLZA 
further to deal with the MMV problem with multiple 
measurement matrices arising in broadband DOA 
estimation, where the manifold matrices for different 
frequency bands are different. JLZA with multiple 
measurement matrices allows us to enforce joint row 
sparsity in the concatenated signal matrix of all 
frequencies. This allows a sensor spacing larger than 
the smallest half-wavelength of the signal, which in 
turn results in a significant improvement in the DOA 
resolution performance. This method can be applied 
reliably with both correlated and uncorrelated 
sources. In addition, the actual number of sources 
need not be known a priori. JLZA  require less 
number of snapshots to resolve the sources. 

IV. Problem Formulation 

5�E� = *�+�(�E� + )�E�									�6� 
5�E�= Observations from M sensors 

(�E�= Vector of unknown signals transmitted from K 
unknown location. 

*�+�=[	2�+��, 2�+��, ……… . , 2�+0�] is composed of 
steering vectors 2�+0�. 
There are 2 issues to be solved to find source location:- 

1) Matrix A(+) is unknown. 

2)  have multiple time samples. 

Finding A(+): A  grid of possible locations 
[+�′ , +�′ , ……… . . . , +D′ ]is introduced and a vector * =42G+�′ H, 2G+�′ H, ……… . 2G+D′ H7 is formed. Also let- 

,I�E�= J(0�E�,																																																								�K	+I′ = +0 	0,																																																											�EℎNOP�QN						R 															�7� 
Than their problem takes the form of: 
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5�E� = *,�E� + )�E�																				�8� 
Where, ‘A’ is known and does not depend on  +0 as 
A(+) did. The source location are now encoded by 
the non zero values of S(t).Thus the problem is 
transformed from estimating + to estimating spatial 
spectrum S(t), which has to exhibit sharp peaks as 
correct source location. 

V. Simulation Parameters 
 
They carry out simulations to analyze the 
performance of W-CMSR in wideband DOA 
estimation, and also compare it with that of previous 
methods, including CSSM, Capon, L1-SVD, and 
JLZA-DOA The optimization tool of SeDuMi is 
introduced to solve the L1-norm-based optimization 
problems  and also the one in L1-SVD. In all of the 
methods, the spatial scope  [-900,900] is sampled with 
an interval of 10 . The snapshots are divided into 
sections of 64 snapshots each in CSSM, Capon, L1-
SVD, and JLZA-DOA. When establishing the over 
complete dictionaries of 5ɸ and Uɸ for W-CMSR,  a 
priori information  is used for correlation 
computation when the incident signals are PSK ones 
with known code-rate, while array output is used 
otherwise. And when computing the correlations with 
array output,  firstly estimate the signal power 
spectrum V�W� from the array output with the 
function periodogram in Matlab, and then use IFFT 
to compute the correlation at certain time delays. In 
the simulations, they only use the array output at the 
first sensor to estimate V�W� to save computation 
load Suppose that two 0-dB BPSK signals with 
central frequency of 70 MHz and bandwidth of 20% 
impinge onto a 7-ULA from the directions of 20 and 
40 degrees , 256 snapshots are collected. The 
methods of CSSM, Capon, L1-SVD, JLZA-DOA, 
and W-CMSR(ULA and GLA) with �′=1.5, are used 
to estimate the directions of those signals, the signal 
spectrum is assumed unknown for W-CMSR. First, 
fix the inter-spacing of the array at half-wavelength 
with respect to the highest signal frequency, then, 
enlarge the inter-spacing of the array to half-
wavelength with respect to the lowest signal 
frequency, which is one and a half times of that in the 
above simulation, and fix the other settings 
unchanged. 
 

 

 

Simulation Results: 

 

Fig 1 Spectra for W-CMSR GLA array interspaced by 
half-wavelength with respect to highest frequency when 
spectrum unknown. 

Fig 1 depicts the spectra for W-CMSR GLA array 
when there is no prior information about the 
spectrum is known and the interspacing between the 
sensor is half-wavelength with respect to highest 
wavelength. As seen clearly from the figure there are 
getting two sharp peaks at the angle of arrivals 200 
and 400. On the X-label the angle in degrees and on 
the Y-label gain in db.  

 

Fig 2 Spectra for W-CMSR GLA array interspaced by 
half-wavelength with respect to highest frequency when 
spectrum known.  

Fig 2 depicts the spectra for W-CMSR GLA array 
when there is some prior information about the 
spectrum is known and the interspacing between the 
sensor is half-wavelength with respect to highest 
wavelength. As seen clearly from the figure this 
search are getting two sharp peaks at the angle of 
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arrivals 200 and 400. On the X-label the angle in 
degrees and on the Y-label  gain in db.  

 

Fig 3 Spectra for W-CMSR ULA array interspaced by 
half-wavelength with respect to highest frequency when 
spectrum unknown. 

Fig.3 depicts the spectra for W-CMSR ULA array 
when there is no prior information about the 
spectrum is known and the interspacing between the 
sensor is half-wavelength with respect to highest 
wavelength. As seen clearly from the figure there are 
getting two sharp peaks at the angle of arrivals 200 
and 400. 

 

Fig 4 Spectra for W-CMSR ULA array interspaced by 
half-wavelength with respect to highest frequency when 
spectrum known. 

Fig 4 depicts the spectra for W-CMSR GLA array 
when there is some prior information about the 

spectrum is known and the interspacing between the 
sensor is half-wavelength with respect to highest 
wavelength. As seen clearly from the figure there are 
getting two sharp peaks at the angle of arrivals 200 
and 400 . In ULA array geometry the sensors are 
placed at uniform spacings. On the X-label these 
have angle in degrees and on the Y-label gain in db. 

  

Fig 5 Spectra for W-CMSR GLA array interspaced by 
half-wavelength with respect to Lowest frequency when 
spectrum unknown. 

Fig 5 depicts the spectra for W-CMSR GLA array 
when there is no prior information about the 
spectrum is known and the interspacing between the 
sensor is half-wavelength with respect to lowest 
wavelength. As seen clearly from the figure they are 
getting two sharp peaks at the angle of arrivals 200 
and 400. On the X-label the angle in degrees and on 
the Y-label, gain in db.  

 

Fig 6 Spectra for W-CMSR GLA array interspaced by 
half-wavelength with respect to Lowest frequency when 
spectrum known  
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Fig.6 depicts the spectra for W-CMSR GLA array 
when there is some prior information about the 
spectrum is known and the interspacing between the 
sensor is half-wavelength with respect to lowest 
wavelength. As seen clearly from the figure there are 
two sharp peaks at the angle of arrivals 200 and 400. 

 

Fig 7 Spectra for W-CMSR ULA array interspaced by 
half-wavelength with respect to Lowest frequency when 
spectrum unknown. 

Fig 7 depicts the spectra for W-CMSR ULA array 
when there is no prior information about the 
spectrum is known and the interspacing between the 
sensor is half-wavelength with respect to lowest 
wavelength. As seen clearly from the figure there are 
getting two sharp peaks at the angle of arrivals 200 
and 400.  

 

Fig 8 Spectra for W-CMSR ULA array interspaced by 
half-wavelength with respect to lowest frequency when 
spectrum known 

Fig 8 depicts the spectra for W-CMSR ULA array 
when there is some prior information about the 
spectrum is known and the interspacing between the 

sensor is half-wavelength with respect to lowest 
wavelength. As seen clearly from the figure there are 
getting two sharp peaks at the angle of arrivals 200 
and 400 degrees and on the Y-label, gain in db 

. 

 

Fig.9  Spectra for Coherent Signal Sub-space Method 
(CSSM) 

Fig 9 depicts the spectra for Coherent Signal Sub-
space Method (CSSM) for two BPSK signals arriving 
at 200 and 400. As seen clearly from the figure there 
are getting two sharp peaks at the angle of arrivals 
200 and 400 

 

Fig 10  Spectra for Capon Technique 

Fig 10 depicts the spectra for Capon technique for 
two BPSK signals arriving at 200 and 400. As seen 
clearly from the figure there are two sharp peaks at 
the angle of arrivals 200 and 400.   
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Fig 11 Spectra for Joint L0 Approximation (JLZA) 

Fig 11 depicts the spectra for JLZA technique for two 
BPSK signals arriving at 200 and 400. As seen clearly 
from the figure there are getting two sharp peaks at 
the angle of arrivals 200 and 400. 

 

Fig12 Spectra for L1-SVD Technique 

Fig.12 depicts the spectra for L1-SVD technique for 
two BPSK signals arriving at 200 and 400. As seen 
clearly from the figure there are getting two sharp 
peaks at the angle of arrivals 200 and 400. But as seen 
from the figure that there are many other peaks 
having gain comparable to that of the desired signlas. 
Hence this cause interference in the estimation of 
angle of arrival. 

 

Fig 13 Combined Spectra of CSSM, Capon and L1-SVD 
Technique 

Fig 13 shows the comparison between the three 
techniques CSSM, Capon and L1-SVD technique. As 
seen from the above figure clearly L1-SVD is the 
poorest of all three techniques because there are 
many other peaks apart from the desired peaks 
having equivalent gain. On the other hand CSSM and 
Capon have equivalent response. 

VI. Conclusion 
 
Thus by analyzing the simulation results we can 
conclude that W-CMSR is so far the best technique 
for direction of arrival estimation because of the 
following points: 
 

i. Sharp peaks at the angle of arrival. 
ii. No spectral decomposition of wideband 

signals, thus the DOA is more accurate. 
iii.  Higher resolution. 
iv. Do not require any prior information about 

the unknown sources to find their angle of 
arrival. 

v. The half-wavelength spacing restriction in 
avoiding ambiguity is relaxed from the 
highest to the lowest signal frequency. 

 
And also we can conclude that L1-SVD has the 
poorest response amongst all the techniques, as it has 
more number of peaks due to other disturbances and 
those peaks are comparable to the required peaks. 
Capon and CSSM have comparable performances but 
poorer than that of the W-CMSR because if we 
compare ,than there are distinguishable peaks in W-
CMSR that too with a big difference between the 
required peaks and the peaks due to interferences 
while in Capon ,CSSM and JLZA-DOA  this 
difference is not that large. Thus we can say that W-
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CMSR technique several advantages out of which 
most important ones are that no prior information of 
number of incident signal is not required and also 
here the wideband signal is treated holistically that is 
no decomposition into narrow bands is required and 
also half wavelength spacing restriction in avoiding 
ambiguity is been relaxed from the highest to the 
lowest signal frequency. 
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